How many charged degrees of freedom are necessary to accommodate a certain amount of 't Hooft anomaly? Using the conformal bootstrap for the four-point function of flavor current multiplets, we show that in all (3+1)d superconformal field theories the 't Hooft anomaly of a continuous flavor symmetry is bounded from above by the 3/2 power of the current two-point function coefficient, which measures the amount of charged degrees of freedom. We check our bounds against free fields and SQCD in the conformal window.
Introduction
The modern landscape of quantum field theory has been enriched by surprising dualities. Key to these discoveries are tools for investigating the seemingly untamable nonperturbative phenomena.
One of the most prominent tools is perhaps 't Hooft anomalies, which characterize the obstruction to gauging a global symmetry. 't Hooft anomalies are robust under symmetry-preserving deformations, and are therefore under control even in the nonperturbative regime of quantum field theory. For instance, the matching of 't Hooft anomalies provided strong evidence for Seiberg's proposed dualities for (3+1)d supersymmetric quantum chromodynamics (SQCD) [1] .
A new tool that has emerged in recent years is the conformal bootstrap [2] (see [3] for recent reviews), which exploits unitarity and conformal symmetry in the gapless phase of quantum field theory to directly solve for nonperturbative observables, and does not rely on the fixed point's proximity (in the sense of renormalization group flow) to free theories. This bootstrap revolution has had particular success with the (2+1)d Ising CFT [4] and has corroborated and further improved upon the best prior Monte Carlo studies [5] .
In this work, we unite these two tools and study universal bootstrap bounds on the 't Hooft anomalies of global symmetries. Using the modular bootstrap, the implications of the 't Hooft anomalies (for both the Z 2 and the U (1) global symmetry) for (1+1)d conformal field theory have been studied in [6] . Here we will study (3+1)d conformal field theory with continuous global symmetries. For simplicity, we limit ourselves to U (1) global symmetry in this section, while the nonabelian cases will be discussed in the later sections. Let the Noether current associated with the U (1) global symmetry be j µ (x) and let A µ be its one-form background gauge field. The 't Hooft anomaly is captured by the nonconservation of j µ in the presence of a nontrivial A µ :
where F = dA is the field strength. With the understanding that j and A are properly normalized, this anomaly is completely encoded in the coefficient K. In (3+1)d Lagrangian theories, the quantity K can be computed by a triangle diagram where all three legs are taken to be the background gauge field A µ for the U (1) global symmetry, hence this anomaly is commonly referred to as the triangle anomaly. 1 Nonetheless, it is a universal quantity in (3+1)d quantum field theory, well-defined even at strong coupling or in the absence of a Lagrangian formulation.
We ask: How many charged degrees of freedom are necessary to accommodate a certain amount of the triangle anomaly?
The question above can be motivated by first examining free massless Weyl fermions. Consider a U (1) global symmetry such that the i-th Weyl fermion has charge q i ∈ Z. The only triangle diagrams that contribute to K are those with massless charged fields running in the loop, and we
where L and R are the free Weyl fermions of left and right chirality, respectively. The two-point function of the Noether current for the U (1) global symmetry takes the form
where I µν (x) ≡ δ µν − 2xµxν r 2 and r 2 = x µ x µ . Since the Noether current is just a sum of free field bilinears, Wick contractions determine the current two-point function coefficient τ :
which can be taken as a quantifier for the amount of "charged degrees of freedom". Clearly, to have K amount of triangle anomaly, we need at least τ = 2 3 |K| 2/3 worth of charged degrees of freedom, i.e. the quantity |K|/τ 3/2 has an upper bound in free field theory. 2 1 The 't Hooft anomaly is to be distinguished from the Adler-Bell-Jackiw (ABJ) anomaly [7] , where the relevant triangle diagram involves one background gauge field for the (classical) U (1) global symmetry (the axial "symmetry"), and two dynamical gauge fields for a U (1) gauge symmetry. The classical axial "symmetry" fails to be a true global symmetry of the quantum field theory because of the ABJ anomaly. By contrast, a global symmetry with 't Hooft anomaly is still a true global symmetry in a consistent quantum field theory, but there is an obstruction to gauging it. 2 This bound in free field theory follows from the decreasing nature of the p-norm in p, or from this elementary proof:
This intuition from free theory leads us to expect that similar bounds exist for general quantum field theory, once a suitable notion of charged degrees of freedom is given. In conformal field theory, the current two-point function also takes the form (1.3), so we immediately have a suitable notion of the amount of charged degrees of freedom. The main goal of this paper is to explore bounds on |K|/τ 3/2 .
In practice, there are technical difficulties in obtaining bounds on the triangle anomaly for general (3+1)d conformal field theory, due to the complexity of bootstrapping spinning correlators [8] . 3 In this paper, we take a shortcut by considering bounds on the triangle anomaly of supersymmetric theories. Supersymmetry relates flavor current correlators to scalar correlators lying in the same supermultiplet, thereby greatly reducing the complexity of the problem. 4
Supersymmetry also relates the two-point function coefficient τ to the mixed flavor-R anomaly, which is invariant under renormalization group flows. 5
The current two-point function coefficient τ has been bounded in (3+1)d superconformal field theories by bootstrapping the four-point functions of charged scalar operators in [10] . The superconformal bootstrap of flavor current multiplet correlators in (3+1)d supersymmetric theories has also been previously studied in [11, 12] . In this paper, we focus instead on bounding the triangle anomaly. In particular, our results present interesting comparisons with the conformal window of SQCD.
The remainder of this paper is organized as follows. Section 2 illustrates the idea of bounding the 't Hooft anomaly per charged degree of freedom in the simple (1+1)d case. Section 3 reviews perturbative 't Hooft anomalies in (3+1)d quantum field theory, and then further specializes to conformal field theory and superconformal field theory. Section 4 sets up the bootstrap of current multiplet scalars in superconformal field theory, and presents the resulting numerical bounds on |K|/τ 3/2 . A comparison of the SU (N ) bounds and the conformal window of SQCD is also given.
Section 5 summarizes the results, and comments on holography and future directions. Finally, Appendix A presents the improved bounds on τ .
Warm-up: Bounds on the U (1) Anomaly in (1+1)d
We start with a warm-up question: Is there an upper bound on the 't Hooft anomaly for a U (1) global symmetry in (1+1)d? We will follow the exposition in Section 6 of [6] .
Let J µ (z,z) be the Noether current associated to a compact U (1) global symmetry satisfying the conservation equation ∂ µ J µ (x) = 0. We will denote the holomorphic and the antiholomorphic components of the current as J ≡ J z andJ ≡ Jz, respectively. Note that we do not restrict ourselves to holomorphic (nor antiholomorphic) U (1), i.e. we do not assumeJ = 0 (J = 0).
In any compact unitary (1+1)d CFT, unitarity further implies that ∂J = 0 and∂J = 0, so each of them is separately a u(1) Lie algebra generator. Globally, however, the holomorphic current J(z) generically does not generate a compact U (1) group, but rather an R. The same is true for the anti-holomorphic currentJ. For example, the c = 1 compact boson at a generic radius has U (1) n × U (1) w global symmetry, but neither of the two U (1)'s is holomorphic or antiholomorphic. Indeed, the holomorphic u(1) charge n/R + wR of a local operator
] is irrational at a generic radius R.
In higher dimensions, there is a unique tensor structure for the two-point function of a conserved spin-one current. In (1+1)d, however, there are two independent structures:
Note that the levels k 0 andk 0 are physically meaningful and cannot be scaled away if we assume that our symmetry is globally a U (1) acting faithfully on all local operators. On the one hand, we define τ in (1+1)d as the average of the two levels:
On the other hand, the 't Hooft anomaly of the U (1) global symmetry in a bosonic (1+1)d CFT is
Therefore, we see that the 't Hooft anomaly K is trivially bounded from above by the current two-point function coefficient τ :
In the rest of the paper we will use the conformal bootstrap in (3+1)d to derive an analogous upper bound on the 't Hooft anomaly of a global symmetry by a power of the current two-point function coefficient.
Perturbative 't Hooft Anomalies in (3+1)d
Consider a (3+1)d conformal field theory with a U (1) global symmetry, possibly with a 't Hooft anomaly. Let the associated conserved Noether current be j µ (x). To detect the anomaly, we couple the theory to a one-form background gauge field A µ via the coupling d 4 xj µ A µ . The hallmark of the 't Hooft anomaly is that the partition function Z[A] in the presence of this background is not invariant under the background gauge transformation A µ → A µ + ∂ µ Λ, but changes by a phase: 6
where the anomaly coefficient K ∈ Z is normalized to be 1 for a left-handed Weyl fermion with plus one U (1) charge. While the U (1) is a perfectly healthy global symmetry with a conserved Noether current, the anomalous phase in (3.1) signals the obstruction to gauging the global symmetry U (1). This is the conventional perturbative 't Hooft anomaly captured by the one-loop triangle Feynman diagram in a Lagrangian theory.
The anomalous transformation (3.1) implies that the current is not conserved in the presence of a nontrivial background field, with the nonconservation given in (1.1). By taking the functional derivative with respect to A µ , we see that the anomaly coefficient K enters into the contact term of the three-point function ∂ µ j µ (x)j ν (y)j ρ (z) . Upon integration, K becomes the coefficient of the parity-odd structure in the three-point function j µ (x)j ν (y)j ρ (z) at separated points [13] .
The normalization of the current j µ (x) is fixed by the Ward identity,
where O is a local operator with U (1) charge q ∈ Z. Therefore, the overall coefficient τ of the two-point function for j µ (x), which takes the form of (1.3) in any CFT, is physically meaningful.
In a free theory of N Weyl fermions with U (1) charges q i , τ ∼ i q 2 i , so roughly speaking τ measures the amount of charged degrees of freedom.
In the conformal bootstrap we normalize external operators, i.e. the ones in the four-point function under consideration, to have unit two-point function coefficients. The three-point function
where D µνρ (x, y, z) is a parity-odd structure that is fixed by conformal symmetry. The main point of the current paper is to use the conformal bootstrap of the current four-point function to place an upper bound on the three-point function coefficient |K|/τ 3/2 .
In a nonsupersymmetric theory, the constraints we are after would require bootstrapping the four-point function of the spin-one conserved current j µ (x). However, if we assume N = 1 supersymmetry, then the conserved, flavor current resides in a multiplet whose zero component is a real scalar, J(x). Furthermore, the associated superconformal blocks for the four-point function [14, 15] . Due to these simplifications, we will restrict ourselves to (3+1)d N = 1 superconformal field theory, but our arguments can be generalized to (3+1)d nonsupersymmetric conformal field theory. Note that if we further impose N = 2 or higher supersymmetry, then the theory is necessarily nonchiral, and the 't Hooft anomaly coefficient K is zero.
The OPE between two J(x)'s is [14] 
(3.4)
Here the normalization of J(x) relative to j µ (x) is fixed by J(x)J(0) = τ /16π 4 r 4 . In a free chiral multiplet, J(x) for the U (1) flavor symmetry is given by
For a charge +1 free chiral multiplet, K = 1 and τ = 1, hence K/τ 3/2 = 1.
We will also consider (3+1)d SCFTs with SU (N ) global symmetry. The In the free theory of N chiral multiplets, φ i (i = 1, . . . , N ), the SU (N ) flavor symmetry current
(3.6)
Hence, for the free theory of SU (N ) fundamental scalars, we have K/τ [16] . 9 Hence, the ratio for the SU (N f ) flavor symmetry in the SU (N c ) SQCD is 
(3.8)
Bootstrapping the Flavor Currents

Outline of the method
Let us begin this section by illustrating how τ and K/τ 3/2 appear in OPE coefficients of the J a × J b OPE, and the logic behind the method we will be using to obtain our OPE coefficient bounds.
What we will be bounding below are squares of OPE coefficients in the J a × J b OPE. To 
where we only write down the dependence on the overall coefficient. Dropping the hats, the OPE coefficient of J c in the J a × J b OPE is given by
The U (1)B baryon number symmetry does not commute with charge conjugation, and is therefore forbidden to mix with the R symmetry [1, 17] . However, outside the conformal window, when the theory is IR free, other U (1) symmetries can mix, and the UV U (1)R symmetry is generally not the IR R-symmetry. For example, when N f > 3Nc, the theory is IR free, and the IR R-symmetry is a mixture of the UV U (1)R with the axial symmetry (the latter is free of the ABJ anomaly in the deep IR when the gauge coupling is off). Therefore, the formula τ = This is true for abelian and nonabelian symmetries.
Similarly, equations (3.5) and the nonabelian version of (1.3) imply that
Dropping the hats again we see that the OPE coefficient of the j c µ operator in the J a × J b OPE is
This only appears in the nonabelian case.
As we will see below, the bootstrap allows us to bound squares of OPE coefficients, particularly λ 2 JJJ and λ 2 JJjµ . These can obviously be translated to bounds on |λ JJJ | = |K|/τ 3/2 and λ JJjµ . To explain how to bound OPE coefficients like (4.2) and (4.4), consider a single four-point function of a scalar operator φ(x) in a nonsupersymmetric theory. This is the simplest situation in which we can illustrate the logic [18] . The conformal block decomposition of this four-point function in the 12 → 34 channel is .
(4.6)
Another conformal-block decomposition can be obtained by considering the 14 → 32 channel:
Equating the right-hand sides of (4.5) and (4.7) gives rise to the crossing equation:
In order to obtain a bound on the square of the OPE coefficient of a given operator O 0 in the set of all O's, we write (4.8) in the following way: Then, assuming unitarity, which implies that all λ φφO 's are real, we obtain
In the space of functionals that satisfy (4.10) we choose the one that minimizes −α(F 1 ) in order to get the strongest upper bound (within that space of functionals) for λ 2 φφO 0 .
U (1)
In this section we will briefly review the conformal bootstrap equations for U (1) flavor currents in 4d N = 1 SCFTs before presenting the main results. Crossing symmetry for the four-point
G ∆, odd = g ∆+1, +1 + ( + 2) 2 (∆ + + 1)(∆ − − 2) 4 2 (∆ + )(∆ − − 1) g ∆+1, −1 .
(4.12)
The sum for G ∆, in (4.12) runs over superconformal primaries O ∆, which appear in the J ×J OPE.
The second sum for g ∆, runs over conformal primary operators (QO) ∆, that are superconformal descendents, which appear in the J × J OPE but whose superconformal primary, O, does not.
For these operators we have 2 and even with ∆ + 3 [11] .
To set the conventions we define the nonsupersymmetric blocks g ∆, and cross ratios as To derive constraints on the OPE data we follow the standard numerical procedure reviewed in [3] and summarized in subsection 4.1 above. For numerical implementation we use SDPB [19] and derivative functionals α = m,n a mn ∂ m z ∂ n z with m + n Λ. We can derive rigorous bounds at any finite Λ and, by making an ansatz, make predictions for the limit Λ → ∞. In Fig. 1 we have plotted the upper bound on the JJJ OPE coefficient as a function of Λ −1 .
The best rigorous bound obtained at Λ = 33, and the estimate of the limit Λ → ∞ based on linear and quadratic (in Λ −1 ) extrapolations are |K| τ 3/2 2.3 (Λ = 33), |K| τ 3/2 1.9(2) (Λ = ∞) . For theories with an SU (N ) global symmetry the analysis is essentially unchanged, except that we now have a system of crossing equations. The number of crossing equations is equal to the number of SU (N ) representations which appear in the tensor products of two adjoints. This problem was studied in [11] so we will refer the reader there for more details. 10 One important difference with the abelian case is that now both JJJ and JJj µ are nonzero [14] . As reviewed in Section 3, the two OPE coefficients are independent and we can bound both |K|/τ 3/2 and τ −1/2 . Also shown is the value of a free chiral multiplet in the fundamental representation of SU (3). All other known theories have smaller τ −1/2 and smaller |K|/τ 3/2 than the free chiral multiplet.
In Table 1 and Figure 2 , we present the universal upper bounds on |K|/τ 3/2 across a range of 10 Note that we normalize our nonsupersymmetric blocks differently, g N f , and compare with SQCDs with SU (N c ) and SO(N c ) gauge groups in the conformal window predicted by Seiberg. In Figure 3 we consider theories with an SU (3) global symmetry and exhibit the allowed region as a function of τ and |K|. For most of the parameter space the two bounds are independent, but as we approach the corner of the allowed region they appear to be correlated.
Since the universal upper bounds on τ −1/2 have already been studied, we present the improved bounds in Appendix A. 
Discussion
In this paper we use the conformal bootstrap method to derive universal constraints on 't Hooft anomalies in (3+1)d superconformal field theories. The existence of an upper bound on K/τ 3/2 matches with our expectation that the anomaly is constrained by the amount of charged degrees of freedom in a theory, or simply, "central charge > anomaly". Since the 't Hooft anomaly is invariant under renormalization group flows, we further apply this bound to compare with the conformal window of SQCD.
Another application of our result we have not discussed thus far is to AdS/CFT [20] [21] [22] . As pointed out originally in [21] , the 't Hooft anomaly of conserved currents in a (3+1)d CFT is dual to a Chern-Simons term in AdS 5 . More precisely, the AdS action for the gauge sector is [23] :
where the " . . . " is the completion of the (4 + 1)d Chern-Simons term. Given our normalization, the relation between the CFT and AdS quantities is AdS . In other words, unitarity and locality of the dual CFT prevents us from making the bulk Chern-Simons term arbitrarily dominant over the Yang-Mills term. 11 The bound we derived here follows from basic CFT axioms, and it would also be interesting to understand if this bound can be strengthened for large N CFTs with a large gap in the higher spin spectrumà la [24] .
There are several generalizations that can potentially improve the constraints on SQCD in the conformal window. One natural generalization would be to include the other conformal primaries in the flavor supermultiplet as external operators, such as the flavor current itself. As demonstrated in [25] for N = 2 in (1+1)d, including such operators significantly strengthens the bounds (see also [26] ). In this paper, with the external operators chosen to be the superconformal primary J, the quantities τ and K/τ 3/2 appear as two independent OPE coefficients, and we find that the constraints on them are only weakly dependent (the allowed region in Figure 3 is close to being rectangular). When the other conformal primaries are included as external operators, τ and K/τ 3/2 appear in mixed ways in the OPE coefficients, and we can hope for a more nontrivial profile for the allowed region. 12 Since every (3+1)d SCFT contains the U (1) R supercurrent multiplet, it would also be interesting to study mixed systems involving these operators. In particular, this would give us access to mixed anomalies between the flavor and R-symmetries. These problems all require understanding the (3+1)d spinning (super-)conformal blocks, which we expect will reveal new information about the space of (3+1)d SCFTs. 11 An extreme limit that the bootstrap rules out is the pure (4+1)d Chern-Simons theory without a Yang-Mills term.
Indeed, it has been a longstanding question on how to quantize the pure (4+1)d Chern-Simons theory consistently.
We thank K. Ohmori for discussions. 12 We thank P. Kravchuk for a discussion on this point.
Finally, it would be interesting to explore further the implications of 't Hooft anomalies for the CFT data. Does the triangle anomaly in (3+1)d place an upper bound on the lightest charged local operator in a CFT? Does the global anomaly for SU (2) global symmetry (the Witten anomaly) [27] place a bound on the lightest SU (2) half-integral spin local operator? One can also generalize this discussion to higher dimensions. For instance, the 't Hooft (square) anomaly of a continuous global symmetry in (5+1)d appears in a specific structure in the four-point function of the spin-one conserved current, which is also accessible from the conformal bootstrap. 
